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We examine a one-dimensional steady-state diffusion model for a biological
population in which individuals collected either throughout the domain or from
one endpoint of the domain are returned to the population at a discrete set of
Ž . Ž Ž ..locations. Specifically, the modeling equations are u x  f x, u x 
Ž n Ž .. Ž 1 Ž . Ž . . Ž . Ž Ž ..Ý   x g H  s u s ds  0 in the former case and u x  f x, u x i1 i  0i
Ž n Ž .. Ž Ž ..Ý   x g u 0 in the latter case, where the function g specifies the rate ofi1 i  i
return and f is the usual net population growth term. With Dirichlet boundary
conditions imposed at both ends of the domain, the topological transversality
theorem is used to show that a positive solution exists provided g does not increase
too rapidly.  2001 Academic Press
1. INTRODUCTION
Ž .Consider a population of size U t, x that diffuses, reproduces, and dies
in a one-dimensionsal region, which we consider normalized to 0 x 1.
We suppose the population to be described by a diffusion equation with
Ž .the nonlinear growth term G t, x, U ,
U  U G t , x , U 0 x 1 , 1Ž . Ž . Ž .t x x
where the term U represents the random diffusion of the population. Wex x
suppose for the present discussion that the boundary conditions are the
homogeneous Dirichlet conditions
U t , 0 U t , 1  0 t 0 2Ž . Ž . Ž . Ž .
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Ž . Ž .absorbing boundaries . We expect that G t, x, 0  0, so U 0 is one
Ž . Ž .solution of 1 and 2 . Suppose, however, that an additional  individu-
Ž .als per unit time are introduced near some point  0, 1 , say, uniformly
Ž .distributed on   ,   and thus having density
12 ,   x  
h x  Ž . ½ 0, otherwise.
The source of these individuals is immaterial, but we assume for now that
Ž . Ž .it is external to the population modeled by 1 . Then 1 must be replaced
with
U  U G t , x , U  h x .Ž . Ž .t x x 
In the limit as 0 we have
U  U G t , x , U   x ,Ž . Ž .t x x 
where  is the Dirac delta function at . If G does not depend explicitly
Ž . Žon t, the steady-state population size u x a time-independent solution
Ž . Ž . .that generally satisfies u x  lim U t, x , if it exists is then a solutiont	
of the problem
u x  f x , u x   x  0, u 0  u 1  0, 3Ž . Ž . Ž . Ž . Ž . Ž .Ž . 
Ž . Ž .where f x, u G t, x, u  . Here f is the normalized rate of increase of
the population, regarding which we may reasonably assume
Ž . Ž	 
 	 .. Ž . 	 
H1. f x, u  C 0, 1  0,	 ; f x, 0  0 on 0, 1 ; and there exists
Ž . 	 
 	 .an M 0 such that f x, y  0 on 0, 1  M,	 .
The last condition is the sensible requirement that large populations
decrease. Without loss of generality we suppose throughout that the
Ž . Ž .domain of f is extended to negative y by setting f x, y  f x, 0  y for
y 0. Note that the extended function, which we continue to denote by f ,
	 
 Ž .is continuous on 0, 1  	,	 and positive for y negative. In a natural
Ž . Ž .population and with  0 one expects f x, 0  0 to hold, but in a
Ž .managed population f x, 0  0 corresponds to human intervention at low
population levels to prevent extinction.
Ž .By a solution of 3 we shall understand in the usual way a function
Ž	 
 Ž . Ž . Ž .uC 0, 1 satisfying: i the boundary conditions of 3 , ii the differen-
Ž . Ž Ž .. Ž . Ž . Ž .tial equation u x  f x, u x  0 on 0,    , 1 , and iii the jump
	 
Ž . Ž . Ž .condition u   u   u   . For example, for the
Ž . Ž . Ž . Ž .trivial problem u x   x  0, u 0  u 1  0, we have
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0, 0 x 
u x   1  x  ,Ž . Ž . ½ x  ,  x 1
0, 0 x 
u x   1   Ž . Ž . ½ 1,  x 1.
Ž .Equation 3 has an obvious generalization to
n
u x  f x , u x    x  0, u 0  u 1  0, 4Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ý i  i
i1
where individuals are introduced at location  at rate  . For example,i i
with f modeling the net rate of increase of fish in a stream, encompassing
increase due to natural production and loss due to natural mortality and
fishing pressure, the terms   could represent the typically localized andi  i
regular restocking rates by the Fish and Game Department. Though
Ž .problems of the form 4 are not our primary interest, they are treated in
the following section because they are basic to what follows.
Carrying on with the fisheries example, consider a section of stream
0 x 1 in which reproduction, natural mortality, fishing pressure, and
Ž Ž ..remoal for scientific study are modeled by the local term f x, u x . In the
simplest case, the rate of removal for study at location x may be taken as
Ž .proportional to the density u x ; then the total rate of removal is of course
1 Ž .proportional to H u x dx. Suppose now that some fraction of the removed0
Ž .fish are reintroduced to the stream at locations  i 1, 2, . . . , n . Theni
for some constant of proportionality 
 the appropriate model is
n
1
u x  f x , u x  
   x u s ds 0,Ž . Ž . Ž . Ž .Ž . Ý Hi  iž / 0i1
where Ýn   1 and suitable boundary conditions are imposed. Nonlo-i1 i
cal problems of this nature are considered in Section 4 below. In this
	 
connection we cite the models of 4, 5, 8 in which, however, the returns
are not localized in space.
Ž Ž ..Finally, consider a section 0 x 1 of stream and again let f x, u x
represent reproduction minus natural mortality and loss due to fishing
Ž .pressure, but now assume that fish approaching one boundary say x 0
Ž .are caught and released at various locations  i 1, 2, . . . , n along thei
stream. Since the capture rate at x 0 is proportional to the population
Ž .flux u 0 , an appropriate model is now
n
u x  f x , u x  
   x u 0  0, u 0  u 1  0Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ý i  iž /
i1
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Ž . nor some other boundary condition at x 1 , where the   0, Ý  i i1 i
1, specify the distribution of returned fish. The constant 
 can be taken as
a measure of the efficiency of the capturerelease process. Problems akin
	 
to this, but with distributed return locations, are examined in 1 .
More generally, we could allow the release rates  to depend on thei
Ž . Ž Ž . Ž . Ž ..population densities u  :    u  , u  , . . . , u  or on thej i i 1 2 n
Ž 1 Ž . .total population:    H u s ds , etc.i i 0
	 
The authors of a pair of papers 6, 7 have considered the time-depen-
dent behavior of diffusion equations with local or nonlocal discrete nonlin-
Ž . Ž Ž .. Ž . Ž Ž ..earities of the related forms  x g  x, t and  x g  x, t  
Ž l  Ž .  . r Ž .H  x, t dt where  is now the temperature at location x 0 x l0
and time t. These authors are concerned with the blowup of solutions in
finite time. Their hypotheses do not appear to be reasonable for the
biological situation motivating the present study, and our hypotheses are
apparently sufficient to prevent a solution blowup in the corresponding
time-dependent diffusion problem.
2. EXISTENCE AND UNIQUENESS OF
Ž .SOLUTIONS OF 4
Ž .THEOREM 1. Equation 4 has a nonnegatie solution if H1 holds and
Ž . Ž .  0 for i 1, 2, . . . , n. If in addition f x, 0  0 on 0, 1 , then noi
Ž .nonnegatie solution of 4 is identically zero.
Proof. We consider the one-parameter family of problems
n
u x   f x , u x     x  0, u 0  u 1  0, 5Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ý   i   i
i1
	 
 Ž Ž .for  0, 1 . Let H be the Heaviside function H x  0 for x 0,
Ž . . Ž . Ž .H x  1 for x 0 ; then t  H t  is continuous for any choice
Ž .of  . One checks easily that u is a solution of 5 if and only if u is  
given by
n
u x    1  x x  H x Ž . Ž . Ž . Ž .Ý i i i i
i1
x1
  x 1 s f s, u s ds  1 x sf s, u s ds.Ž . Ž . Ž . Ž .Ž . Ž .H H 
x 0
6Ž . 
Ž 
For  0 the solution is u  0; henceforth let  0, 1 . Suppose that a0
Ž . Ž .solution u of 5 has a negative minimum at some  0, 1 . If    i
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Ž . Ž . Ž Ž ..i 1, 2, . . . , n , then u   f  , u   0, a contradiction. On the 
	 
Ž .other hand, if   for some i, then u    0, contradictingi i
Ž .the first-derivative test of elementary calculus. Thus any solution of 5 is
Ž .nonnegative. This is of course why we extended f as we did.
Let
Mˆ max f max f 0.
	 
 	 . 	 
 	 
0, 1  0, 	 0, 1  0, M
Ž . 	 
From 6 , we have for x 0, 1 that
n x1ˆ0 u x    1   M x 1 s ds 1 x s dsŽ . Ž . Ž . Ž .Ý H H i i
x 0i1
n Mˆ
  1   M ,Ž .Ý i i 18i1
providing an a priori bound on all solutions, including u .0
   Let  max  , and let0 	0, 1

 	 
U y C 0, 1 : y M  1 ; 4Ž . 0 1
 Ž	 
.   4then U is an open subset of the Banach space C 0, 1 ,  . Define0
	 
 Ž	 
. Ž .Ž . Ž .H : 0, 1 U C 0, 1 by H , u x  y x if y is given by
n
y x    1  x x  H x Ž . Ž . Ž . Ž .Ý i i i i
i1
x1
  x 1 s f s, u s ds  1 x sf s, u s ds.Ž . Ž . Ž . Ž .Ž . Ž .H H
x 0
Ž	 
.Clearly, the homotopy H is continuous and has its range in C 0, 1 , as
Ž .claimed. Since solutions of the integral equation 6 are exactly the fixed
Ž . Ž .points of H ,  , we see that H ,  is fixed-point free on the boundary
	 
  4of U for all  0, 1 . Let y be a sequence in the range of H, so thatj
n
y x    1  x x  H x Ž . Ž . Ž . Ž .Ýj j i i i i
i1
x1
  x 1 s f s, u s ds  1 x sf s, u s dsŽ . Ž . Ž . Ž .Ž . Ž .H Hj j j j
x 0
	 
for some   0, 1 and u U. We seek to show that some subsequencej j
 4of y converges uniformly. Without loss of generality we assume thatj
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  ; then we have thatj
n
  1  x x  H x Ž . Ž . Ž .Ýj i i i i
i1
n
   1  x x  H x Ž . Ž . Ž .Ý i i i i
i1
 4uniformly. Thus it is enough to show that y , wherejˆ
x1
y x  x 1 s f s, u s ds 1 x sf s, u s ds,Ž . Ž . Ž . Ž . Ž .ˆ Ž . Ž .H Hj j j
x 0
contains a uniformly convergent subsequence. But we have
1
 y x  2 f s, u s ds 2 max f ,Ž . Ž .ˆ Ž .Hj j
	 
 	 
0, 1  M , M0 1 1
1 1	y x  1 s f s, u s ds sf s, u s dsŽ . Ž . Ž . Ž .ˆ Ž . Ž .H Hj j j
x 0
  2 max f ,
	 
 	 
0, 1  M , M1 1
so the existence of a uniformly convergent subsequence is guaranteed by
the AscoliArzela theorem. In summary, we have shown that H is a
compact homotopy.
Ž . Ž . 	 
Since H 0,  is the constant map to 0U, H 0,  is essential 2, 3 .
	 
 Ž .Therefore, by the topological transversality theorem 2, 3 , so is H 1,  ,
Žwhich consequently has a fixed point. But this fixed point is a nonnega-
. Ž .tive solution of 4 .
To see the validity of the final statement of the theorem, suppose that
Ž . Ž . Ž .some nonnegative solution y of 5 should be zero at some  0, 11
Ž .  4with f  , 0  0; the continuity of f allows us to assume that   . Ifi
Ž . Ž .y   0, then necessarily y   0. But the differential equation
Ž . Ž .guarantees that y  f  , 0  0, contradicting the minimality of
Ž .y  .
Uniqueness is examined in the following result, which is clearly valid
even if all the  are zero. It is therefore sharp.i
THEOREM 2. Let H1 hold, and let   0 for i 1, 2, . . . , n. In addi-i
tion, with
n 1
M   1   max f ,Ž .Ý1 i i 8 	 
 	 
0, 1  0, Mi1
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suppose that f is Lipschitz on 0, 1  0, M with the Lipschitz constant1
2 Ž .L  there. Then 4 has only one solution.
Ž .Proof. By Theorem 1 we know that 4 has at least one positive
solution. In the course of proving that theorem we showed that any
Ž . Ž .solution u of 4 must satisfy 0 u x M . Now suppose that u and u1 1 2
Ž . Ž .are two solutions of 4 or, equivalently, of 6 . Then the Lipschitz1
continuity of f yields
u x  u xŽ . Ž .1 2
x1
 L x 1 s u s  u s ds 1 x s u s  u s ds .Ž . Ž . Ž . Ž . Ž . Ž .H H1 2 1 2½ 5
x 0
Ž	 
. 	 Ž . 	 Ž .Now u , u  C 0, 1 and u x , u x exist for x 0, 1; it follows that1 2 1 2
 Ž . Ž . there must be a least nonnegative K such that u x  u x K sin  x1 2
for 0 x 1. Then we have from the equation above that
x1
u x  u x  KL x 1 s sin  s ds 1 x s sin  s dsŽ . Ž . Ž . Ž .H H1 2 ½ 5
x 0
KL
 sin  x K sin  x2
	 
for all x 0, 1 unless K 0. Thus it must be that K 0.
3. EXISTENCE FOR RETURNS FROM A BOUNDARY
In this section we study the question of the existence of solutions for the
problem
n
y x  f x , y x    x g y 0  0, y 0  y 1  0,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ý i  iž /
i1
7Ž .
a slight generalization of the problem presented in the introduction in that
we allow the returns function g to be nonlinear. One might, for example,
reasonably want g to be relatively large for its argument near 0 and
approach a limit as the argument increases. Since we shall be applying a
homotopy-type fixed point theorem, as usual we consider instead the
one-parameter family of related problems
n
 	y x   f x , y x     x g y 0  0,Ž . Ž . Ž . Ž .Ž . Ž .Ý  i  iž /
i1
y 0  y 1  0, 8Ž . Ž . Ž . 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for the parameter  0, 1 . As in the Introduction, we assume f to be
suitably extended to y 0 as a positive, continuous function. The follow-
ing basic hypotheses will be needed for our first lemma, whose proof is
sufficiently similar to that given in the preceding section that it may safely
be omitted.
Ž . Ž . Ž	 
 Ž ..H2. f x, y  0 for x 0, 1 and y 0; f C 0, 1  	,	 ;
Ž .f x, 0  0.
ŽŽ ..H3. 0 g C 	,	 .
Ž .LEMMA 1. Let H2 and H3 hold. Then for  0 any solution y of 8 
is nonnegatie and not identically zero.
LEMMA 2. Let H2, H3, and the following hold:
Ž .H4. There exists a constant M 0 such that f x, y  0 for yM.
Ž n . Ž .H5. z Ý  g z  	 as z 	.i1 i
Ž 	 
.Then there is a constant M independent of  0, 1 such that any0
Ž . Ž . Ž .nonnegatie solution y of 8 satisfies max y x M and constants  	0, 1
  0
M and M such that1 2
	 sup y x M , sup y x M .Ž . Ž . 1  2
Ž .  4 Ž .  4x 0, 1   , . . . ,  x 0, 1   , . . . , 1 n 1 n
Ž .  12 Ž .  Note that H5 is satisfied, for example, by g z  z and by g z  z
n 	 
provided in this latter case that Ý   1. In view of the results in 6, 7i1 i
we expect some such restriction on the growth of g to be necessary for
Ž . Ž .existence. This is borne out by the problem with f x, y  1 y, g z 
z, i 1,   12, which, being linear, can be solved explicitly: a positive1
1Ž .solution of 8 exists only if  sinh 1sinh  2.255 and the maximum1 2
1of the solutions increases without bound as sinh 1sinh .2
Proof. If  0, then y  0, and the conclusions of the lemma hold.0
For the remainder of the argument let  0 and for convenience let
Ž .  0,   1. If y has its maximum at x  ,  for some i,ˆ0 n1  i i1
Ž .0  i  n, then the differential equation implies that y x ˆ
Ž Ž .. Ž . f x, y x  0 if y x M, a contradiction to the maximality ofˆ ˆ ˆ 
Ž .y x . Suppose next that the maximum of y occurs at  , 1 j n, soˆ  j
	 Ž . 	 Ž . 	 
Ž . Ž 	 Ž ..that y   0, y   0. Since y   g y 0 , we must j  j  j j 
 	 Ž .  Ž 	 Ž ..therefore have y 
  g y 0 . Now j j 
j
 j	 	 	0 y   y 0   f x , y x dx   g y 0Ž . Ž . Ž .Ž . Ž .Ž . ÝH j   i ž /0 i1
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or
j
	 	y 0  max f x , y   g y 0 ,Ž . Ž . Ž .Ž .Ý i ž /	 
 	 
x 0, 1 , y 0, M i1
so that
n
	 	y 0   g y 0 max f .Ž . Ž .Ž .Ý i ž /
i1
ŽFrom H5 it follows that there exists a constant K independent of1
Ž 
 . 	 Ž . 0, 1 and the particular solution y such that 0 y 0  K .  1
Set
j
	m   g y 0 ,Ž .Ž .Ý i ž /
i1
Ž .and suppose that y  Mm . Now the line j j
L : y Mm m x Ž . Ž .j j j
Ž 	 Ž ..has slope at least as large as  g y 0 , which in turn is an upper boundj 
	 Ž . Ž 
 on y  . The line L lies above the line yM on 0, 1 , so y  0 j j 
Ž  .above L wherever y is defined . It follows that y lies above L on thej   j
Ž . 	 Ž . 	 Ž .subinterval  ,  and that y    y  ; thusj1 j  j1  j
	 	 	 	 
y    y   y Ž . Ž . Ž . j1  j  j1
  g y	 0   g y	 0 m.Ž . Ž .Ž . Ž .j  j1 
So the line
L : y y  m x Ž . Ž .j1  j1 j1
	 
lies above L on 0,  , and as before y lies above this new line onj j1 
Ž . ,  . Continuing in this fashion, we ultimately reach the intervalj2 j1
Ž . Ž .0,  and the contradiction y 0 M. This shows that necessarily1 
n
	0 max y  y  MmM  g y 0Ž .Ž .Ž . Ý  j i ž /	 
0, 1 i1
n
M  max g z M .Ž .Ý i 0ž / 0zK 1i1
We turn now to bounding y	 . Again we first suppose that the maximum
 4 	 Ž .of y occurs at x  , . . . ,  , so y x  0. Then by integrating theˆ ˆ 1 n 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Ž . Ž . Ž .differential equation 8 over 0, x we see that for some j 1 j n theˆ
largest j such that   xˆj
j
xˆ	 	y 0   f x , y x dx   g y 0Ž . Ž . Ž .Ž . Ž .ÝH  i ž /0 i1
so that
n
	 	  y 0   g y 0  max f .Ž . Ž .Ž .Ý i ž / 	 
 	 
0, 1  0, M0i1
	 Ž .H5 now implies that y 0 is bounded independently of . We have already
shown this to be true if the maximum of y occurs at one of the  . With i
 	 Ž .4y 0 known to be bounded in either case, an upper bound on  
Ž0, 1
 	 Ž . y x now follows from the previous step-wise argument applied in both
directions from the maximum of y at x.ˆ
 Ž .  4   Ž . For y x , x   , . . . ,  , we obviously have y x  1 n 
 max f M .	0, 1
	0, M 
 20
Ž .THEOREM 3. The problem 7 has a nonnegatie solution if H2H5 hold.
Ž Ž	 
.    .Proof. Let C 0, 1 ,  max  be the usual Banach space.0 	0, 1

1Ž	 
.Recalling that we set   0,   1, let PC 0, 1 be the set of0 n1
	 
 Ž .continuous functions on 0, 1 that are differentiable on each  , i i1
Ž .i 0, . . . , n and whose derivatives can be extended as continuous func-
	 
 1Ž	 
.tions to each closed interval  ,  . On PC 0, 1 we introduce thei i1
seminorm
 z  max max z xŽ .1
0in 	 
 , i i1
and the norm
      max  M ,  M ,Ž .1 0 10 1
2Ž	 
.where the M are the constants of Lemma 2. Similarly, PC 0, 1 willi
1Ž	 
.denote the subset of PC 0, 1 consisting of functions having second
Ž .derivatives continuous on each  ,  and continuously extendible toi i1
	 
 2Ž	 
.each  ,  . The natural seminorm on PC 0, 1 isi i1
 z  max max z x .Ž .2
0in 	 
 , i i1
We also define the norm,
      max  ,  M .Ž .2 1 2 2
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Ž iŽ	 
.   .Then PC 0, 1 ,  , i 1, 2, are Banach spaces. Moreover, the injec-i
2Ž	 
. 1Ž	 
.tion map j: PC 0, 1  PC 0, 1 is completely continuous, as may be
	 
seen by applying the AscoliArzela lemma to each  ,  .i i1
 2Ž	 
. Ž . Ž . 4Let K y PC 0, 1 : y 0  y 1  0 ; then K is itself a Banach
   4space. Let U y K : y  2 . From our a priori estimates of Lemma2
Ž . 	 
2 we have that no solution of 8 for any  0, 1 lies on the boundary of
1Ž	 
.the open set U. Define a map H : u z on PC 0, 1 by
x1
z x  x 1 s f s, u s ds x s f s, u s dsŽ . Ž . Ž . Ž . Ž .Ž . Ž .H H
0 0
n
 g u 0  1  x x  H x  .Ž . Ž . Ž . Ž .Ž . Ý i i i i
i1
Ž . Ž .Observing that z 0  z 1  0 and that
x1
z x  1 s f s, u s ds f s, u s dsŽ . Ž . Ž . Ž .Ž . Ž .H H
0 0
n
 4 g u 0  1  H x  , x  ,Ž . Ž . Ž .Ž . Ý i i i i
i1
 4z x f x , u x , x  ,Ž . Ž .Ž . i
we see that H is in fact a continuous map into K. It follows that the map
	 
N : 0, 1 U K defined by
N , u   H j uŽ . Ž . Ž .
Ž .is compact on U. Since the fixed points of N ,  are precisely the
Ž .solutions of 8 , we see, by Lemma 2, that N has no fixed points on the
Ž .boundary of U. Moreover, N 0,  is the constant map to 0U and hence
	 
 	 
is essential 2, 3 . By the topological transversality theorem 2, 3 we see
Ž . Ž .that N 1,  necessarily has a fixed point, i.e., that 7 has a solution. But by
Lemma 1 this solution is nonnegative.
Ž . Ž .We turn now to the existence of positive solutions of 7 when f x, 0  0.
This condition is natural in unmanaged populations, where extinction is
permanent. Our basic theorem asserts that the model with returns admits
of a positive solution if the return rate is not too high and the model
Ž .without returns but with the same harvesting has a positive solution.
Theorem 4 below is a slight generalization of this.
Instead of H2 we now impose the condition
Ž . Ž . Ž . Ž	 
H2. f x, y  0 for x 0, 1 and y 0; f x, y y C 0, 1 
Ž ..	,	 .
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Ž . Ž .For example, in the logistic equation f x, y  ay b y and H2 is
satisfied.
THEOREM 4. Let H2, H3, H4, and H5 hold, and let  be a positie
2Ž	 
.C 0, 1 function satisfying
 x  f x ,  x  0,  0   1  0, 9Ž . Ž . Ž . Ž . Ž .Ž .
Ž .on 0, 1 . Then
n
y x  f x , y x    x g y 0  0, y 0  y 1  0,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ý i  iž /
i1
10Ž .
Ž . Ž . Ž .has a positie solution y satisfying y x   x on 0, 1 .
Ž .Proof. Let Mmax  x  0 and let 
 satisfy	0, 1

f x , zŽ .

 min ; 11Ž .
z	 
 	 
0, 1  0, M
without loss of generality we may suppose that 
 0. Define
f x , y , y  xŽ . Ž .
F x , y Ž . ½ f x ,  x  
  x  y , y  x .Ž . Ž . Ž .Ž . Ž .
ŽThen the hypotheses of Theorem 3 are satisfied by the functions F by
Ž .. Ž .11 and g, and therefore 10 with F replacing f has a nonnegative
solution y. It remains to show that y , and thus that y is a solution of
Ž .10 . Suppose to the contrary that y  has a negative minimum at some
Ž .  4 Ž . Ž .x 0, 1 ; suppose first that x  . Then y   x  0; but from theˆ ˆ ˆi
Ž . Ž .differential equation 10 and the differential inequality 9 with F replac-
ing f we have that
y x   x  F x ,  x  F x , y xŽ . Ž . Ž . Ž .Ž . Ž .ˆ ˆ ˆ ˆ ˆ ˆ
 f x ,  x  f x ,  x  
  x  y xŽ . Ž . Ž . Ž .Ž . Ž . Ž .Ž .ˆ ˆ ˆ ˆ ˆ ˆ
 
 y x   x  0,Ž . Ž .Ž .ˆ ˆ
a contradiction. Suppose next that x  for some j. If it should happenˆ j
Ž Ž ..that g y 0  0, there would be no discontinuity in y or y, and the
Ž Ž ..preceding argument would still yield a contradiction. Let, then, g y 0 
	Ž . 
Ž . 	Ž . 
Ž . 	 
Ž .0. Necessarily y      0; but y      y  j j j
Ž Ž .. g y 0  0. This final contradiction shows that y  must hold onj
	 
 Ž .0, 1 and therefore that y is a solution of 10 .
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COROLLARY. Let the hypotheses of Theorem 4 hold, and let, for some
Ž . Ž .positie constants a and b, f satisfy the inequality f x, y  ay b y for
Ž . 	 
 	 . Ž .x, y  0, 1  0,	 . Then 10 has a nontriial, positie solution if ab
 2.
The proof consists in observing that we may let   sin  x in the
theorem provided  0 is chosen small enough that a ab  2.
Remark. With regard to the numerical approximation of solutions, the
Ž .solution of 7 can be viewed as a solution of the initial value problem
n
y x ;   f x , y x ;   g    x  0,Ž . Ž . Ž . Ž .Ž . Ý i  iž /
i1
y 0;   0, y 0;    ,Ž . Ž .
Ž .for a value of  such that y 1;   0. This problem invites the use of a
shooting method since the only variation from a standard problem of this
type is the presence of the shooting parameter  in the differential
equation itself as well as in the boundary condition.
4. EXISTENCE FOR RETURNS FROM THE INTERIOR
We examine the existence of nonnegative solutions of the problem
n
1
y x  f x , y x    x g  s y s ds  0,Ž . Ž . Ž . Ž . Ž .Ž . Ý Hi  i ž /ž / 0i1
y 0  y 1  0. 12Ž . Ž . Ž .
As is usual with homotopy arguments, this problem is embedded as the
case  1 in the one-parameter family of problems
n
1y x   f x , y x     x g  s y s ds  0,Ž . Ž . Ž . Ž . Ž .Ž . Ý H  i  i ž /ž / 0i1
y 0  y 1  0, 13Ž . Ž . Ž .  
	 
for  0, 1 . The equivalent of Lemma 1 again follows by elementary
reasoning.
	 
LEMMA 3. Let H2 and H3 hold and let  be nonnegatie on 0, 1 . Then
Ž .for  0 any solution y of 13 is nonnegatie and not identically zero. 
Ž Ž n . Ž 1 Ž . ..H5. lim z Ý  g zH  s ds M.i1 i 0
z	
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Ž .THEOREM 5. The problem 12 has a nonnegatie solution if H2H4 and
	 
H5 hold,  0 on 0, 1 , and g is nondecreasing.
Ž .Proof. Since y  0 is the solution of 13 , we begin by establishing a0 0
Ž . Ž 
priori estimates on any solution y of 13 for  0, 1 . If the maximum 
 4 Ž .of some y should occur at x  and exceed M, then y x exists andˆ ˆ i 
Ž . Ž Ž .. Ž .y x  f x, y x  0, contradicting the maximality of y x . Supposeˆ ˆ ˆ ˆ  
 4 	 Ž .now that the maximum occurs at  , j 1, . . . , n . Since y   0,j  j
	 Ž . 	y   0, and the jump in y satisfies j 
1		 
y   g  s y s ds ,Ž . Ž .Ž . H j j ž /0
we see that
1	y    g  s y s dsŽ . Ž .Ž . H j j ž /0
j
1
   g  s y s ds m.Ž . Ž .Ý Hi ž /ž / 0i1
Ž .Suppose further that y  Mm ; then any point on the line j j
L : ym x   y Ž . Ž .j j  j
	 
 Ž .for x 0,  satisfies yM. Now on the interval  ,  we have, asj j1 j
Ž Ž .. Ž .far to the left of  as the point x, y x lies above L , that y x  0. Itj  j 
Ž Ž .. Ž . Ž .follows that x, y x lies above L and that y x  0 on all of  ,  ; j  j1 j
	 Ž . 	 Ž .consequently we also have y    y  . Therefore we have that j1  j
1	 	y    y     g  s y s dsŽ . Ž .Ž . Ž . H j1  j1 j1 ž /0
1	 y    g  s y s dsŽ . Ž .Ž . H j j1 ž /0
1
     g  s y s ds m.Ž . Ž . Ž .Hj1 j ž /0
Ž Ž ..Moreover, since  , y  lies above the line L , so does the linej1  j1 j
L for 0 x  . Reapplication of the argument above shows thatj1 j1
Ž Ž .. Ž .x, y x lies above the line L for x  ,  . Continuing in this j1 j2 j1
Ž .fashion, we arrive ultimately at the conclusion y 0 M, contradicting
the boundary condition at x 0. We have thus shown that
j
1
y  max y x MmM  g  s y s ds .Ž . Ž . Ž .Ž . Ý H j  i ž /ž / 0i1
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Ž .Therefore, if we set zmax y x , we have
n
1
z  g z  s ds M .Ž .Ý Hi ž /ž / 0i1
Hypothesis H5 guarantees the existence of a constant M such that0
Ž . Ž . 	 
0 y x M for all solutions of 13 ,  0, 1 . 0 
 4 	 Ž .If the maximum of y occurs at x  , then y x  0; if theˆ ˆ i 
 	 Ž .  Ž 1 Ž .  Ž .  .maximum occurs at  , then y  
   g H  s y s ds j  j j 0 
Ž 1 Ž . .  	 Ž .  g M H  s ds . Either way, there is a point where y x j 0 0 
Ž . Ž 1 Ž . .  	 Ž .  Ž . Ž 1 Ž . .max  g M H  s ds and y x max  g M H  s ds . It fol-i 0 0  i 0 0
lows easily that
n
1	y x   g M  s ds  max fMŽ . Ž .Ý H i 0 1ž /ž / 	 
 	 
0, 1  0, M0 0i1
 4  Ž .  	 
  4for all x  . Then y x max fM on 0, 1   .i  	0, 1
	0, M 
 2 i02Ž	 
. Ž	 
.Let PC 0, 1 , C 0, 1 , and K be the Banach spaces previously intro-
2Ž	 
. Ž	 
.duced; then the injection map j : PC 0, 1  C 0, 1 is completely con-
Ž	 
.tinuous by the AscoliArzela lemma. Define a map H: u z on C 0, 1
by
x1
z x  x 1 s f s, u s ds x s f s, u s dsŽ . Ž . Ž . Ž . Ž .Ž . Ž .H H
0 0
n
1
 g  s u s ds  1  x x  H x  ;Ž . Ž . Ž . Ž . Ž .Ž .ÝH i i i iž /0 i1
Ž	 
.   then H is a continuous map of C 0, 1 into K. With U u K : u 2
4 	 
 Ž . Ž .Ž .2 , the map N : 0, 1 U K given by N , u   H j u is compact
Ž . Ž .on U. Since fixed points of N ,  are solutions of 13 and vice versa, our
Ž .a priori estimates show that N ,  has no fixed points on the boundary of
Ž . Ž .U. Since the range of the map N 0,  is 0U, N 0,  is essential. It
Ž . Ž .follows that N 1,  has a fixed point in U, and hence that 12 has a
nonnegative solution.
Remark. The hypothesis that g is nondecreasing and H5 holds may
obviously be replaced with the following requirement:
	 . 	 .H5. There exists a nondecreasing function G: 0,	  0,	 such
Ž . Ž .that G z  g z and
n
1
lim z  G z  s ds M .Ž .Ý Hi ž /ž /ž /z	 0i1
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Exactly the same argument as that used at the end of the preceding
section yields the following.
	 
THEOREM 6. Let H2, H3, H4, and H5 hold; let  0 on 0, 1 ; and
2Ž	 
.let g be nondecreasing. Let 0  C 0, 1 satisfy
 x  f x ,  x  0,  0   1  0,Ž . Ž . Ž . Ž .Ž .
	 
 Ž . Ž . Ž . 	 
on 0, 1 . Then 12 has a positie solution y satisfying y x   x on 0, 1 .
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